Chapter 5

Stability

Finite Difference Method

Second Session Contents:

1) Von Neumann Method

2) Matrix Method for Stability Analysis
3) Crank Nicolson Implicit Method

4) Neumann Boundary Condition

Von Neumann Method
w - au, =0, —co < x < 4o, (>0
uix, 0) = f(x), —o0 < X < 400

Using Fourier series for u function

wlx, 1) = i(e)e"™ FTCS method

. - it =l Gl - 2 )
u(jAX ALY = iige™™ ! o o

Which —> = ka/fi*

At €5 = [, b iy (€ — 2 4 )
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Von Neumann Method

John von Neumann

Born: December 28, 1903,
Budapest, Hungary

Died: February 8, 1957,
Washington, D.C., United States

Education: ETH Zurich

John von Neumann was a Hungarian and later American pure
and applied mathematician, physicist, inventor, polymath, and
polyglot. He made major contributions to a number of fields,

including mathematics, physics, economics, computing, and
statistics.

Von Neumann Method

By dividing on ¢/ { fggr = @[]+ ™ + 7™ = 2))
[ = DN
Which Jr= 2 —x;=x;— ¥

—

finsr = Aa[1 + r(2 cos(mh) - 2)]

. - . 2
Trigonometric equations ~ Hn+1 = it,|1 = 4rsin“(mh/2)]

Amplification factor: g = —
ity

In this example: g = \ — ¥rsin” (mh/¥)
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Von Neumann Method
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Von Neumann Method

Stability condition: |21 | ¢ |

e

For the last example: | 1 — drsin’(mhf2) € 1 —s -2<-d4r = r< 3

The important steps of Von Neumann analysis:

- The solution of finite difference problem can be assume as the combination of Fourier modes

i, £

- Using flnt‘imlf n finite difference equation and finding '.&,H. 1 ,"1;!,.,

Hail
iy,

- Von Neumann stability condition: < 1 forall modes

aifinggy

Von Neumann Method

~Can be used for several dimensional equations

~Can be used for system of linear equations ( in this situation, we should consider the
maximum amount of eigenvalues as stability criterion)

~Using graphical solutions for stability analysis (in the situations that calculating the

Amplification factor is hard )

Applications and limitations of Von Neumann method
- Can be used only for linear equations
- The effect of boundary conditions are not considered in stability analysis

- For PDEs discretization which used two time steps, the stability conditions can be
determined by:

2 ifgis a real number : lgl<1

b) If g is a complex number: 1gF° < 1

- For PDE;s discretization which used three time steps, the Amplification factor is a
matrix. for Eigenvalues of this matrix:

a) if A,is a real number: A <1

2
b If Ajisa complex number:  Ail” = 1

®

Von Neumann Method

Example 1: Applying Von Neumann criteria for BTCS method

S d*un  BTCS method
_—

PDE: — =
gt ax?

4l _ on a1 n+l n+l
Wit =+l - 2+

A pimy
U = e

figey = Gty + rﬁ"H((,—l‘ﬂirfﬂ _24 El‘mﬂ)
5
g=1+rg2cosmh—2)=1-4rgsin” % — 8=

mh
1+ 4rsin® —
7SI



Von Neumann Method

Example 1: Applying Von Neumann criteria for BTCS method

lgl =
1 +4rsin’ (m?k)
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Von Neumann Method
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Example 2: Applying Von Neumann criteria for CTCS method

Von Neumann Method

; #u CTCS method _ ;
Qoo Tu RIS W = 2 - )

PDE: — =-"—
o ox*
fluss = gy + 261, (7™ — 2 + ™)

L
g :§+2r(2cosmh72)*> g=2r(cosmh— 1)+ 2+/rX(cosmh — 1)2 + 1
=2 s 2 EETT

&=2cosmh - 1)
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Von Neumann Method

Example 2: Applying Von Neumann criteria for CTCS method

lgl
A

lel=r - P+ 1

lgl=ri + PE+ 1

Example 3: Applying Von Neumann criteria for Dufort Frankel method

A d*u Dufort Frankel = (l - Zr] -y 2r i, + i)
+2r 7 B

PDE: E = ﬁ i 1 +27) 1
W= f,e™y
1-2r 2r i
a - i+ i funh + e—m:h
" (—Hz o+ i )
) 4r " l—2r70 _ 2rcosmh V1 — 472 sin’ mh
S I rh L e - 1+2r
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Von Neumann Method Von Neumann method
Example 3: Applying Von Neumann criteria for Dufort Frankel method Example 3: Applying Von Neumann criteria for Dufort Frankel method
lel —
For small amount of AT: b= 2reos(mh) + 11— 42 sin'(mh]l

1+2r

4rsinfmh <1 — gl <1 s

For large amount of AT \‘

- : . 2rcos(mi = ¥1= 47 sin’ (mh
4rtsifmh > 1 —  |g| = }_'_—,2): which always is less than one lel = lwl
) i
-
13 14
Matrix Method for Stability Analysis Matrix Method for Stability Analysis
] n=1
. Fu “ =2 r L
E:L';x:‘ O<x<l , 01T iy r 1-2r r !
PR . A, -l
w0,0=u(l,y=0, >0 o= ro ‘ 2 .r . “
u(x,0)= flx), O0<x<l a“ oo ||

Using explicit finite difference method:
orit" = Aﬁnix‘)vhich il column matrixand Ais (N — 1) x (N — 1)rix
W= (=20 )
@ = Al = AAT ) = - = AN

o =ty =0

i=1,2,....,N—1 Which @ = {fi, fos..., fv-1}" initial value vector
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Matrix Method for Stability Analysis Matrix Method for Stability Analysis

If error is defined at each point along x axis at t=0

@ =il — (') = A"@E - (i°)) @
Replacing if*>y (i@ )°
1y * 32 % Iy 2 *
@'y =AGry, @)y =A@y = AT The error propagation formula is the same as u
And.. < Based on superposition principle in linear problems, we can
(ﬂ'ﬂ)* =Ail([t¥3)f ’

only study the behavior of one error
Error vector can be defined as:

+ Afinite-difference method is stable if & =imited values
g=i-i ) .
< It was shown that matrix A has N-/ eigenvector. Therefore, the
Therefore: error vector can be determined by -/ eigenvector as follow
o

B o_ om o gdmys _ Angde ey _ anzo Nl
el ="' — "y = A" - (i)") = A" €°=ZC“}*
k=1
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Matrix Method for Stability Analysis

Matrix Method for Stability Analysis

zf‘:Aa*’:AZqﬂ:quﬁ AV, = 4V zf‘:Aaf’:AZqﬂ:qu AV, = 4V
éﬂ = ZCA/IJ(L_;& éﬂ = ZCA/IJ(L_;&

&= AV &= AV

n n n n i k
e = ZCMH?A- e = ZCJ\/L\ =1 —4rsin’ %1

|174r~;in3 k”|<1 —_— s y<
SN = F=

M2 —
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Stability Analysis of Crank Nicolson Method

l+r r 0 @2+2r -r up! 2-2r) r u
A=l 0 1+r r r=AlfAx —r (2420 -1 i ro@=2r )
-r 0 I+r
A - =0 A= :
(1 +r— {1)'{ _ )’3 =0 i —-r(242r) -r r2-2rn r
/{.,,{ = M -r (2+2r) uf:f‘ roo2=20]|uw,
2,1 3
|1] >1 ——— [The method is not stable |
forany r
21 22

ity < ity <
T i%:i YR T i%:i
Stability Analysis of Crank Nicolson Method Stability Analysis of Crank Nicolson Method
(2+2r) -r uy! (2-2r) u W =20 = rB) (21 + rBY"
—r (242r)-r wyt! roo(2-20r i = =
Q@I-rB)'2I+rB)=A
h 5 [ ke
2 — drsin’ [ X
’ Ay = 7”““ (QN) k=1,2 N-1
-r(242r) -1 r2-20 r k= A (k=12,..., -
- @20 [uy roe-2n||w,, 2+ drsin (ﬁ)
=2 1
el ; 21
(21 — rB"™" = (21 + rB)u" oo ! o 2] <1 ———— |The method is unconditionally stable
W= (20 - rB) Q21+ rB" o forany r
1 -2
23 24



21 = rBu™' = (21 + rBy" = (41 — (21 — rB)u"
n+l _ n
Cu™' = (41 - O)u e o
uu+| - (4C—I —[)Ll" —r (2420 —r
C=
=r(2+2r) -r
=r (242r)
25

Stability Analysis of Neumann Boundary Condition

g

2

au _ Fu Dcxel
ar e *
Au hy(u—vy) x=0 t=0 _
P { hates — 1) el s hy, h,, v, v, = const
by >0
u{ -, B!
=@ —v iti
TAx (e} —v1)  Boundary condition
i J
Upp — Uy i
— = —hy(ul, — v NAx =1
TAx Sy — ) ( )

g _ i i
=+ (1 =2 +rul,
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21 = rBu™' = (21 + rBy" = (41 — (21 — rB)u"

Cun-t—l - (4[ _ C)M”

2+2r)y -r
4
5~ 1‘ <1 C=
Az2
—-r(2+2r) -r
Appendix |4 —2—=2r <2r —r @42

-2r<1-2-2r<2r

2 < A €2+ 4r —> | unconditionally stable 26
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Stability Analysis of Neumann Boundary Condition

Jr 0 _ i i
= v+ (0 =20u + rug,,

i+l
i)

j+l

i+l
!

By omitting u‘,’\Ll and Hf,

H=2r(1 + A} 2r ) 2rhv,Ax
r (1-2r) r u 0

r (1-2r) r
2 (1-26(1 + hAX)]

i), 2rhyvaAx

28
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Stability Analysis of Neumann Boundary Condition

I i I i
w™ =+ (=20 + By omitting ir},_, and
w | [=2r s At 2r W] [2rhvax

N‘M r 1=2r r ".: 0
N
ro (1-2r) r
u.r"l 2r {1=2r(1 + haAX)} ul, 2rhavaAx

This matrix determines the error propagation

29

Stability Analysis of Neumann Boundary Condition

Based on Brauer Theorem

JA={1=2r(1 + hAX)}| £ 2r
¥
T 2r- 2r

[ \
| |
"1\ 1=2r(1 + IyAx) }/‘:

A =1=-2r2 + hAx) A =1-2rhAx
[ =1 [ =1
r< 71 r= L
T 2+ IAx T hAx

Minimum value
31
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Stability Analysis of Neumann Boundary Condition

Based on Brauer Theorem
JA={1 =2r(l + hjAx)}| < 2r

! {4—%—% 2

\
1= 2r(1 + Iy Ax) ]A;

A =1 =202 + i AX) Ao = 1 =2k Ax

<1 J ] = 1
< 1 < 1
" hnAx "= Ax
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Stability Analysis of Neumann Boundary Condition

! r= < mi ;;
2+ Ax 2+ hhAx s 2+ hAx " 2+ hhAx

r=

e = 4B - De; 2421 + AY)  =2r

- 2+2r -1
A =12+ 2r(1 + A} < 2r
B=
242rhAx < A
A=2 -r  242r -r

122+ 2!‘;12:3){ =2r 242r(1 + hhAx)

unconditionally stable
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